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ON CONVERGENCE FACTORS IN TRIPLE SERIES 
AND THE TRIPLE FOURIER'S SERIES. 

BV BESS H. EVESSULL. 

Although the triple Fourier's series has been used somewhat extensively, 
no proof of the validity of the development of a function of three variables 
in such a series has been given. It is the purpose of this paper to establish 
certain facts in connection with the summability of such a series, with a view 
to appljring the theory of convergence factors to some problems in mathe- 
matical physics. As an illustration of such applications it will be shown that 
the formal series arising from the discussion of a certain problem in the flow 
of heat furnishes an actual solution to the problem. A method of dealing with 
problems of this type has been originated by Fej^r* and applied by him to 
problems involving the ordinary Fourier's series; the same method has 
been applied to problems involving the double Fourier's series by Professor 
C. N. Mooret and will here be applied to the problem involving the triple 
Fourier's series which we wish to consider. 

1. Summability of triple series. The type of summabDity with which 
this paper is concerned will first be defined. Consider the triple series 

00, 00^ 00 

(1) ^ dlmn 

J=l,m=l,n=l 

and form 

o(r) _ '^ nr^-l-i) nr + m-j) r(r + n-}c) 

'^"»»-,=,,,'^i,ft=ir(r)rO-i + l) r(r)r{m-j+l) r(r)r(n-k+l)'^'" 

where 

(3) Sijk = ^ apqa. 

p=\, g=l, s=l 

If the quotient 

(jO-) 






ifltn 



* Cf. his paper Vntersuclmngen iiher Fouriersche Beihen, Math. Annalen, vol.58 (1903-1904), 
p. 61. 

t See his paper On convergence factors in doubk series and the double Fourier's series, 
Twins. Amer. Math. Soc., toI. 14 (1913), pp. 73-104. The summability of the double Fourier's 
series has also been considered by W. H. Young (Proc. Lond. Math. Soc, ser. 2, vol. 11 
(1912), p. 133), and by W. W. Klistennann (cf. his dissertation, i)ber Fouriersche Doppel- 
reihen und das Poissonsche Doppelintegral; Munich, 1913). 
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where 

(.) _ rg+r) r{m-\-r) rin + r) 

approaches a limit 8 as I, m and n become infinite, the triple series is said 
to be summable {Cr) and to have a value equal to this limit. This type of 
summability for a triple series is analogous to that which Ceskro considered 
for an ordinary series. The above definition is valid for any r, real or complex, 
except zero or a negative integer. We may include the case where r == 0, 
if we assume that the right hand sides of equations (2) and (5) have the values 
they approach as r approaches zero. In this case, summability (CO) is the 
same as convergence as defined by Pringsheim. For the applications we wish 
to make, we need only consider the case where r is zero or a positive integer. 
Before going on with our investigation, it will be advantageous to develop 
some properties of Slmn and A'imn- From the definitions (2) and (5), it is 
evident that 

(6) i Sl'2,^xhrr»<^{\—x)--{\—yr'{l—z)-' '^Z' hmn^-V^^'"- 
(') S ^{In ^ y'"' ^" ^xyz{\— a;)-('-+« (1 — 2/)-('-+" (1 — ?)-('•+«, 

the sign oc indicating that, if the expressions on each side of it are expanded 
in ascending powers of x, y and z, the coefficients of the corresponding terms 
will be equal. 
AVe may also derive the relation* 



»-+l,r4-l,r+l 



r+1 \ qW 

I 2 jA "l—i,m—J,n—k^ 



r4- 
where for the sake of uniformity we set 

(9) SJ^s^O {p,qors< 0). 



* The derivation of tliis expression may be generalized from that for the simple series, given 
in Bromwich, Theory of infinite seriet, p. 317. 
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(<•) 



From the definition of Ai'mn, we have 



lim ^;4^ 



and therefore 

(10) 



\ 1 r 

,4(',;>„< ^/'- W «'• {?, w!, « = 1. 2. 3, ... ), 



where J?" is a positive constant. 

In order to make our definition of summability of wide use. it must be 
consistent with the definition of convergence; that is, if the series is sum- 
raable (CO), or convergent according to Pringsheim's definition, it should also 
be summable iCr) for any r > 0, and to the same value. We shall prove that 
our definition satisfies this requirement for all classes of convergent triple 
series for which the comlition offinHude* is satisfied, i. e. for which 



(11) 



'hnn I 



c,(0) 
Otnin 

■Aim?) 



<C {l,m,n = 1,2,3, ...). 



C being a positive constant. It is possible that this restriction is more narrow 
than necessaiy, but this question will not be considered here as the theorems 
on convergence factors which we shall have to prove present the same 
restriction. 

If a convergent triple series satisfies the condition (11), it also possesses 
the property that as I, m and n become infinite, the quotient Simn/A.\'mn con- 
verges to the same value as Sj^„, and \vill also remain less in absolute value 
than the positive constant Cfor all values of I, m and n. Hence, to insure con- 
sistency with the definition of convergence, we shall consider only triple series 
which satisfy the conditions that 



(12) 
and 
(13) 



lim 









exists. 



Si 



mn 



■nLlmn 



^C 



(I, m, n = 1, 2, 3, . . . ) 



where C is a positive integer, and r a positive integer or zero. 

* This term was introduced by Bromwich and Hardy in their paper, Some extensions to 
mnltiple series of Abel's Theorem, Pro'c. Lond. Math. Soe., ser. 2, vol. 2 (1904), p. ICl. 
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Before proceeding to the discussion of the theorem of consistency, it 
would be well to note that the (r + l)**" difference of the triple sequence 
fiik ihj, & == 1, 2, 3, . . .) is entii'ely analogous to the (»• + 1)'' difference of 
the simple sequence, and is defined by 



H-l r+l.r+l,r+l 

(14) A-±}/v-fc= Z (-i)n-i)«(-i)* 



r + 1 \l r+1 W J- + 1 \ - 
+ 1 —p] \r-\-l — qj\r+l — sj J*+p,j+9, »+»• 



We shall now proceed to the discussion of the consistency theorem, proving 
first two necessary lemmas. 
Lemma l. If the ttvo triple sequences 



(15) 


aimn, i 


satisfy the conditions 




(a) 


A\aimn 
Ajtjm„ 



(l,m,n = 1, 2, 3, . ..) 



<C, a, m, « = 0,1,2,3,...), 



(b) 



A\himn<0, (Z, m,« = 1,2,3, ...), 



(c) 



lim hmn = <x>, 



(d) 



lim -r^ 



0, lim ^ = 0, lim -^ = 0, 

8-+-00 Opgs »-+oo "pgs 



lim -— - = 0, lim -rP— 



p,g-*aa "pgs 



p,a-*aa "P9' 



0, lim f^ = 0, 

8, »->« "pgs 



iX,i*,v= 1,2,3,...), 



* In forming A} a{^„ and A> ({^„, for the s&ke of nniformity we set 



'^Ima = = hmn 9, m orn * 0). 
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ivhere the limits are approached uniformly, the first for all positive integral 
values of q and s, the second for all positive integral values ofp and s, the third 
ofp and q, the fourth of s, the fifth of q and the sixth ofp, and 



(e) 


A\aim,i 

lim — J e 


tJien we shall have 




(16) 




aimn 
hmn 


<c, 


and 




(17) 


1,1 


lim 

n,n-»« 


aimn 
Olnm 



{l,m,n = 1,2,3,...), 



will exist and he equal to the limit in (e). 

We shall first establish the inequality (16). Prom conditions (a) and (b), 
we have 



(18) 

and therefore 

(19) 



L\aiMn\<—C^\h 



m>h 



J— 1, «i — 1, «— 1 



. — *i w n — X , t* — X I 

t=0.^=0,k=0 '■ 



l—l, »i— 1, »— 1 , 

-c — C Z A}6v*- 

t=OJ=0,k=0 ^ 



From this and condition (b), 



(20) 



J-l,n»-l,«— 1 

8=o,y=o.fc=o 



A}ayk 



l—X,m — 1,»— 1 



-cC. 



A J hijk 



In view of the fact that a, = when /, m or n < 0, it is obvious that 



I— l,m— 1,»»— 1 



1—1,111 — 1,»— 1 



**" * * ." * » * t'lll l X ./» X y 
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and therefore, making use of (20), we have 



(21) 



■''Imn 



Imn 



l—l,m—l,n—l J 
i=OJ=0,fe=0 



7;=o,;=o,fc=o ^ 



l—l,m—l,n—l . J . 

Z, A Jay,. 
< »=o../=o.fc=o 

^ A } fcyfe 



= J— 1,TO— 1,»— J 

t=0,>=0,A:=0 



We have thus proved that the relation (16) is true, and it remains only to 
be shown that the limit (17) exists and is equal to the limit in (e). Since the 
limit in (e) exists, we can find a A, ju and v corresponding to a positive e as 
small as we please, such that 



(22) 



AJ ai„,„ 

A I hn». 



<L+B, 



«>v/ 



where L is the value of the limit in (e). Hence from condition (b) it follows that 



(23) 



(L — *) A \ bi,nn > A \ auan > (L + f ) A J h„ 






If we add all the inequalities (23) for all sets of values of I, m and n such 
that A < I <]}, i*<m<q, v<n<s,we have 

(L — e) (bXfir, — hp^v — hxgv — hMs + ^pqy + ^pfits + bxgg — 6^,,) 
"^ ^kfiv ^p/iv ^Xqv ^kfts "T" ^pqv I ^p/is "T ^kqs ^pqs 



From condition (c) it is obvious that we can find a j), q and s so large that 
bpqs > 0, and hence we maj' divide the above inequality by bpgs, which gives 



{L 



- *) [l 



bi,,s bp^ bp,j,, bx. 



'Jpqi "P'JH 



(24) 



"^JJ'/s ^Xqs "pftg 



(L 



-.,[>- 



"pqs Opqs 



l/ts 



"pqs 



vpqs 



Upqs bpqs bpqs Opqg 



pqy I "/.fl9 



bm 



P'js 



"iqa bpftg "pgy 



h 



qy 



"Pfjiy 



fjpqa 



+ 



l^pqs 



bpqs J 



Aqy . "pfiy 1^ "/.fii 
Ojtos 0-oas 0- 



f^pqs 



"pqs 



'pqs 



bxps , bxgp bp^y , bx, 



+ 



+• 



"pqs 



•'pqs 



vpqs 



"pqs 



bpqs . 
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From conditions (c) and (d) it follows that, as p, q and s become infinite, 
the limits of the parentheses in (24) which involve only 6's exist and are equal 
to imity. The last seven terms of the second member of the inequality (24) 
may be written in the form 






lis 



^pfia "p/ts 
"p/is "pqs 



"pqy "pq 



^7>qv 



a. 



XftS '^XflS 



"pqv ^pqs 



h 



fis "pqs 



I (''Xqv ^iqy I '^pfitr "pfty '^X/iy "ifty 



h, 



qy "pqs 



"Pfiy '^pqs 



h 



fiv "pqs 



hence, by virtue of conditions (c) and (d) and the inequality (21), the limit as 
p, q and s become infinite, of these seven terms, exists and is equal to zero. 
Hence, from (24), we have 



(25) 



L-e<lim-^<]ira-^<L + e, 

Opqs Op<is 



and since « is an arbitrarily small positive quantity, it follows from (25) that 



lim 



^/"Z" uZ.£P!E. 



upqs 



lim^= L, 

bpqa 



and consequently the limit (17) exists and is equal to L, the limit in (e), and 
therefore the lemma is proved. 

Lemma 2. If the triple series (1) is summahh (Cr) whei-e r is zero or 
a positive integer, and if moreover 



(26) 






'■^inm 



■ C, 



(l,m, n = 1, 2, 3, . . .), 



where C is a positive constant, the series will be sammable (C r + 1) to the same 
value to which it is suminable (Cr), and furthermore we shall have 



(27) 



Olmn 



■Almn 



<c, 



{l,m,n = 1,2,3,...). 
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From relations (6) and (7) we have 



Z si:,;:," x' i/"^ z'^ ^ (!-{- x+ x*+ . . .) a+ y+ 1/+ ■ ■ .) 

■ii + z-\-z'+---) "2" SiZnX^y'-z", 

/ — I, »l=l, »=1 

.{1 + Z + Z' + ..-) 2 AVnnX'y"'z". 



Equating the coefficients of the corresponding terms in each of these 
expressions, we have 



(28) SL^' 



I, m, n 



V c'''. ^''•+» V j'*'^ 



I, ni, H 
t=l,J=l,fc=l 



and from these equations we obtain 



(29) A\Sl'mH = — Sl+i,m-l,H+i; 



A\At 



(»-rl) 



■ -^I+l, »l+l, » rl* 



We may now apply Lemma 1, taking 5imT" and AhZl^ as the two triple 
sequences. It i.s necessary first to show that the conditions under which 
Lemma 1 holds true are satisfied. Condition (a) is satisfied; for, from (29), 



A J Simn 



A}X 



(»+i) 

mn 



Ol+l,m~rl,n-rl 



Al4-l,m-Tl,n^l 



which from (26) is less than a positive constant CQ, w, n = 1, 2, 3, . . .). 
Condition (b) is satisfied by virtue of the second of equations (29) and the 
definition (.5). That conditions (c) and (d) are fulfilled also follows from 
definition (5). That condition (e) is satisfied follows from (29) and the hypo- 
thesis of this lemma that the triple series is summable (Cr). 

Hence it follows from Lemma 1 that Si„m^/A'ilti^ satisfies the condition of 
finitude, and that the series is summable (Cj- + 1) to the same value to which 
it is summable (Cr). 

We may now prove the consistency theorem itself. 
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Theorem I. If the series (1) is summahle {Cr), where r is zero or a positive 
intege>; and 



St. 



(>■) 






<c, 



(I, m, H= 1,2,3, ...), 



wliere C is a positice constant, then the series will be sivmmable (Cr'), where r' 
is any integer greater than r, to the same value to ivhich it is summahle {Cr), 
and furthermore we shall have 






<c 



(I, vt, n = 1, 2, 3, . . .). 



If r' = V + 1 , the theorem reduces to Lemma 2. If r' > r + 1 , the theorem 
may be proved by successive applications of Lemma 2. 

2. Convergence factors in triple series. Before proceeding with the 
work of this section, it will be necessary to introduce and define a notation 
which we shall need. If we set 



(30) A;;+l.^„ 



/•+1— «. r+l—c, i'4-1— 15 

Z (-1)^-1)'' (-1)* 

p=0,q=0,3=0 



r + 1 —pj \r + l—qj\r+l _ J/'+/'.v+'/."+«' 



we see that it is analogous to the notation (14), and also that the right hand 
side of (30) is equal to that of (14) with certain of its teims suppressed; the 
terms which are suppressed are indicated by the indices added to those of 
expression (14). "We may further abbreviate our notation by setting 

r^rj-i.v = A »■+!,<•, etc. 



We are now ready to prove the theorems on convergence factors, restiicting 
ourselves in this paper to the treatment of convergence factors in triple series 
which are summahle (Cl), as this is the only case necessarj' for the appli- 
cations we wish to make. 

Lemma 3. If tJw triple series (l) is summahle (C I) and, moreover, tJie con- 
dition (13) is satisfied for r = 1, then, for all positive values of a, $ and y, 
the series 



(31) 



30 OO 00 



2J O-lniii flHiii. («, A Y) 

J=l,»l = l,« = l 
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will converge and have the same value as the series 



(32) 2; S^ L\fm («, /«, r), 



ivhich wiU also be convergent, provided the convergence factors fijk («, fi, y) 
satisfy the conditions 

(a) Z ijk\Alfijk(a,fi,y)\<K, («,^,r>0), 



(b) lim I Z jJc\fijki«,/i,y)\ = 0, («,/«,y>0) 

and the two other conditions of the same type, 



(c) lim Im Zk \fi,„H («, fi,Y)\ = 0, («, /», y) > 0), 



anrf </te <ito o<7ier conditions of this type, and 



(d) lim \lmn fi^n («, fi, y)] = 0, («, ii,y> 0), 

J — »• 06, Ml -> 06, U — ♦ 06 



2'< &ei?j^ understood that the limiting processes indicated by conditions (a) — (d) 
all have a meaning. 
Substituting in the expression 



(33) Z . aijkfijk{ci,fi,Y) 

i = Aj—l,k—l 



the value of aijk given by putting r = 1 in (8), and rean-anging the terms, 
we have 

l,m,n l—2,m.—2,n—2 j 

(34) Z aijkfm= Z S^lAlfiik + ^i 

i=l,j=:i,k=l i-l,j=l,k=l 
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where Rijl consists of three terms of each of the types 



m-2.n-2 2 a j 

2L 8l-i.j,k a?. ,fl-l,j,k, ^ Sljk/\lfljk,j^Sl-i,vi.-l,kl\l-\fl-l,m-\,k, 
j = l,k=l •*•* j=Xk=i " k=l •'•^ 

2^ 8l-i,m,k A" /«-i,wi,fc, 2i/ S[,m-l,lc A ^> ^ /«, m-i, fc, 
fc=l ^'l k=l " 

^ Slmk l\^fl)nk, Sl~i,m-i,H l\l']fl—l,m—l,n, Sl—i,m,n A" , /(!-l,«j,)»— l, 
fc=l " ■'•'■ -''■ 



and in addition the terms Si-i,m-i,n-i Ai'jyi-i,«t-i,n-i and Simnfimn- 

We shall now show that the right-hand side of (34) approaches a limit as 
I, tn and n become infinite for all positive values of «, /S and r, and that the 
second term approaches the limit zero. Then it Avill follow that the left-hand 
side approaches a limit under the same conditions, and that these limits will 
be equal. Hence we may conclude that the series (31) converges to the same 
value as the series (32), the value of (32) being the limiting value of the first 
term in the expansion (34). 

The first term of the right-hand side of (34) is the sum of the (l — 2) ( m — 2) 
(n — 2) terms of the series (32), contained in a rectangular parallelepiped of 
dimensions I — 2, m — 2, n — 2, taken from the upper, forward, left-hand 
comer of the series. From condition (13) where r= 1, we have for the 
general term of (32) 

(35) I ^fiL. A I fi,nn I < Clmn \ A = fi,.n I ('• "\'; ,^^^^5^ • • •) . 



From condition (a) it follows that the series Avhose general term is the 
right-hand side of (35) converges, and therefore the series (32) is absolutely 
convergent, and the fii-st term of (34) approaches as a limit the value to which 
the series (32) converges as I, m and n become infinite. 

By expanding each of the teiins, except the last, of ii^t, and applying con- 
ditions (13) for r = 1, and the appropriate one of the conditions (b)-(d), we 
may show that these terms approach zero as I, m and n become infinite. That 
the last term of -K^" approaches zero as I, m and n become infinite may be 
shown by applying condition (13) for r = 1, and the condition (d). Hence 
I^ijk approaches the limit zero as I, m and n become infinite, and the lemma 
is proved. 
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We are now readj- to prove the theorem: 

ThEOEEM II. Iftlie trifle series (1) satisfies the cotiditions of Lemma 3, and 
the convergence factors fiflc ip^, fi, y) satisfy tJie conditions (a) — (d) inclusive of 
that lemma, and tfie additional conditiotts that 

(e) fijk (a, fi, r) is continuous in «, fi and y ('' "'' a,7, r>o' ' ' ')' 

(f) lim Urn («, /«, r)\ = fijk (0, 0, 0) = 1 {i,3, ft = 1, 2, 3, . . .), 



(g) lim ^ i A|/vk (a, /*, y) = for every j and k, and the two other 



conditions of tJie same type, 

»= 00,J= 00 



,= 00^=00 2 

(h) lim ^ ij I A^/yfc («, /*, y) I = /or every k, and the two other 

conditions of this type, and 

00, 00, 00 I 2 I 

(i) ^ iJk A 2 //fc Us uniformly convergent in (« ^ «o > 0, /« ^ /*© 

> 0, y ^ yo > 0), 

then the series (31) xvill define a function of a, fi and y, F(a, /i, y) which is 
continuxnis for aU positive values of a, /3 and y, and for whidi 

(36) Um [Fia, fi, y)] = S, 

wheD'e 8 is the value of the series (1). 

From Lemma 3, we know that the series (31) converges to the same value 
as the series (32) for all positive values of «, jS and ;'. Hence if we can show 
that the series (32) defines a function of a, fi and y, which is continuous for 
all positive values of «, /8 and y, and for which equation (36) holds true, our 
theorem will have been proved. 

Since by hypothesis, the series is summable (CI) to 8, we may write 

(37) -P^ = ,5 + fi„.„ / lim Bi,„n = 0\. 

linn U.«.,n^oo I 

Using (37), we can reduce the series (32) to the foi-m 

00, 00, 00 2 °°i °°> °° •> 

(38) 8 Z ijkAlfiik(«,/i,y)+ Z ijkeiiuAlfiik(a,/i,y). 
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We can evaluate the series in the firet term of (38) by applying Lemma 3 
to the triple series for which 

(39) aui=l, aijk = {i,jork:>l), 

observing that this series is convergent and satisfies the restriction (11). 
Hence by Theorem 1 this series is summable (CI), and therefore we can say 
that for this series the equation 



(40) Z aijHfijk («, fi,Y)= Z Sljl Alfijk («, A r), 



which expresses the equality between the expressions (31) and (32), reduces 
to the fonn 

(41) yii. («,/«, r) = 2 yfcA|Afc(«,Ay). 
Substituting this value in the expression (38), that expression becomes 

(42) 'S/ui(«,/«,r)+ 2 «VA*i;kA2/vfc(a,/«,y). 

t=ij=].fc=i ^ 

The first term is a continuous function of a, ^ and / for all positive values of 
a, /S and y, by vii-tue of condition (e), and by condition (f) approaches the 
value 8 as a, fi and r approach zero from the positive direction. Hence if 
we can show thai the second term of the expression (42), which is equal to 
the expression (32), is a continuous function of a, fi and ;' for all positive 
values of those variables, and approaches zero as a, /i and r approach zero, 
we shall have proved that the expression (42) is continuous for all positive 
values of a, fi and ;', and approaches S' as a limit as a, fi and r approach zero 
through positive values, and the theorem will have been proved. 

By virtue of condition (i) and equations (11) and (37), we infer that the 
series in the second term of (42) is uniformly convergent in the region 

(43) (a^«o>0, /8>/«o>0, y>yo>0). 

From condition (e) its terms are continuous there, and therefore the series 
will be continuous in the region (43), and consequently, since ao, /3o and ro 
are arbitrary positive quantities, will be continuous for all positive values 
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of a, fi and Y- That it appi'oaches zero as a, fi and y approach zero follows 
from the fact that ttjk remains finite for all values of i, j and k, and approaches 
zero as /, j and k become infinite, together with conditions (f), (g) and (h). 
Therefore, as pointed out above, the theorem has been proved. 

The above theorem has been proA'^ed only for the case Avhere the series (1) 
consists of constant terms. By extending the proofs of Lemma 3 and The- 
orem II, they may be made to apply to the case where the series (1) consists 
of terms which arc functions of three variables. The analogous statement for 
this case is made in the following corollary: 

Corollary. If the triple series (1), whose terms are Junctions of x, y and z, 
is wiifurmly siimmnUe (CI) to f{x, y, z) throuyhoiit the region Ji. and 



slL (^' y> ^) 



I m n 



^(j (',»','« =J, 2, 3, . . . 1 



B 



where C is a positive constant, and the convergence factors fijk («, /*, y) satisfy 
the conditions of TJteorem II, the series 

00, OC, 00 

^ aijk ix, y, z) fij): (a, fi, r) 

will converge uniformly for all positive values of a, $ and y, and for alt values 
of X, y and z in R, and its value, F{x, y, z, a, fi, y), will approach f{x, y, z) 
uniformly as u, fi and y approach zero. 

3. The summability of the triple Fourier's series at points of 
continuity of the function developed. Before proving the principal 
theorem in this connection, it will be necessary to prove several lemmas. 

Lemma 4. Let Ebe a region in space, lying ivithin the aibe whose sides are 
« = ± (tt — Qi), /8 = db (^r — Qi), y = ± (ti^ — Qi), where Qi is a small 
positive quantity, and such that no pioint of R lies within the sphere whose 
center is at and whose radius is Qt, tvhere Qt is also a small positive quantity. 
Then if </ (a, fi, y) is a function that is finite and integrable* in the region li, 
the limit 

(44) lim f-^ f f {, {a, fi, y) i^ ^^ ^^ da dfi dy 
j,m,«-».oeMwinJ J J '^ ' sin*a smM sin*j' 

wiXl exist and he equal to zero. 

* Here and elsewhere throughout this section, when a function is said to be finite and 
integrable, it is meant that the function has an integral according to the definition of 
Lebesgue. 
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Represent by M the upper limit of the_absolute value of R, and by q the 
smaller of the two quantities Qi and o^/ V^Z . Then, if e is an arbitrarily small 
positive quantity, we can take a positive integer q, such that 



(45) 






e 



We shall show that for values of I, m and n greater than q, the expression in 
brackets in (44) is less than e, and our lemma will be proved. 

Divide the region R into two parts, Ri and R'l, such that Ri contains all the 
points for which a^ + /3*< 2qI/S, and R[ all points for which «* + /«* >; 2^5/3. 
If there are no points for which the fii*st of these two inequalities holds, the 
region R[ will coincide with R. 

Since no point in the region R lies within the sphere of radius ?», whose 
center is at the origin, we have «- + /J* + r'^ qI, and for points in i?,, 
a*4-/^*< 2§^/3; it follows on subtracting the second inequality from the first 
that y*>- qI/3 ^ q*, and hence \r\ ^ Q in Ri. 

Dividing Ri intojwo regions, R, and R3, such that R^ contains all points for 
which I a ! < ^/ Ks , and R^ all points for which | « j > ^2/ 1^3 , and proceeding 
as before, we find that, for points in i?., \j3\> q, and, for points in i?s, |«| ^ ?■ 

We then have 

I 1 C C C ( a \ sin'^ct sin^m>a sin*nr , ,01 
ImnJ J J sin*a sm^/1 sinV 






sin*m/S sin* ny 



da dfi dy 



(46) ~ ImnJ J J \' '■■"''" sin^'a sin*/* sin*y 

^ ^ C C C sin* I a sin*mi3 , , - , 

■<■-: r-j— I I I — :— ; . ^ . da dp dy. 

ImnsvorQj J J sin*« sin*/S 

From Fejer's theorem* that 

)r/2 

■rt 1 r sin*rta , 
-rr = — I — r-= da, 

2 n J airru 


together with (45) and (46), we have 



(47) 






sin* la sin* m/i sin*ny 



sin' a 



sinV 



sin*y 



da d/S dy 



* L. c. p. 55. 



«sin*^ 3 



{n>q). 
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If there are no points such that «* + /**< 2 ^|/3, the inequality (47) still 
holds. 

By similar methods, we find that analogous equations hold for E^ (m ^ q), 
and for i?s (1 ^ g). Combining these three equations, we have 



1 I I I y («) P> r) — r-j r-i-5 r-j-^ da (1$ dy 

ImnJ J J ' sin'a sinV sinV 



<*, (l,7n,n'^q), 



and, as pointed out before, the lemma is proved. 
Lemma 5. Ifg, gi, h, hi, k, hi, are positive numbers less than n, the limit 



h k 



rAo\ V r 1 C C rsin*ia sin*mfi sin*w>- , ,„ 7 1 

(48) hm \- J- I \ —r-i r-7-j^ . . dndfidrl 

I m n-i-tiallmnn' J J J sm*c sin*;5 sinV J 



-fli — fti —k, 



mil exist and be equal to unity. 
The expression in brackets in (48) may be written in the form 

«/2 Jr/2 Jr/2 

1 r C r sin*Z« sin^mfi sin^ny , , , , 

Imnn* J J J sin* a sin*/5 sin*y 



— >r/2 — Jr/2 — ir/2 



(49) 



1 C C C sm*la sm*mfi sin*ny , , . , 

zt-, i I I I — T-j T-TB ^"1 — da dp dy, 

Imnn' J J J sm'a sarfi sm*y 



where B is the region that must be added to, or subtracted from, the cube 
whose sides are « = ± y> /* = ± Y' ^ ~ — Y^ produce the parallelo- 
piped whose sides are a = g, a = — ^j, yj = ^, ^ = — /jj, y = k, 
y = — fci. Since this region B satisfies the requirements of the region in 
Lemma 4, it follows that the second term of (49) approaches zero as I, m and n 
become infinite. Hence we need only to evaluate the first term, which may be 
written in the form 



ff/2 

/ 

— ff/2 



ir/2 

J 

—Jr/2 



1 f sin*/« , I I 1 C sin'wi/S •, »[ J 1 C sin'ny , 

T— I —r-5 — da} \ I • ta dp) \ I — . , dy 

In J sm*a mn J sin*/8 nn J sin*r 



1t/2 

f 

— 7r/2 



which we know from Pej^r's work to be equal to unity when I, m and n are 
positive integers. Hence its limit as I, m and n become infinite is unity, and 
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since the limit of the second term of (49) is zero, it follows that the limit of 
the entire expression (49) as I, m and n become infinite is unity. 

Lemma 6. Let Rhe a region in space, lying within the cube whose sides are 
a = +.(n — Qi), /4 = ■+ (ti — Qi), Y = ±.(n — pi), where Qi is a small positive 
quantity, and such that the point a = 0, fi = 0, y = lies within or on the 
hmmdary of E. Then, if <f («, ^, y) is a function that is finite and integrahle 
in R, the limit 

(oO) lim \- I I I ^ia,fi,y)—r-i 7-7-5 —r^dadfidyl 

Kmn^aoll^nnJ J J '^ "^'" sm*a sin*^ sinV J 

B 

will exist and he equal to zero, provided 

(51) lim [<r(«,/J,r)] = 0. 

In view of (51) we may choose a quantity ps, so small that 

(52) \fi«,»,Y)\<~i («2 + /32 + y2<eP, 

where e is an arbitrarily small positive quantity. Now divide jB into two parts, 
Ri and Rt, where Ri is the sphere with its center at the origin and radius Qi, 
or as much of it as is included in R, and Rt is the remainder of R. Then, 
from Lemma 4, it follows that 

!• r 1 C C C f a \ sin*/a sin*m/S sin*«r , ,a , 1 « 

lim \-. I \ v(.f^, ^,r)—^-i ^-rf- ■ 1 dadfidyX — 0, 

«»»»-».ooLiMi« J J J "' sin*« sin*/8 sm*r J 

and hence we can find a g so lai-ge that 



/'RQ\ 1 ^ ^ ^ I a \ si"^« sin'wi/g sin*ny , , . , 

(53) -; I I I f\n,P,y)—r-i r-j-5 r-5 — dadpdy 

^ '\lmnj J J sm*a sin*/5 sin*y 

B, 

Using (52) and Fejer's theorem,* we have 



<-Tr (h^'hn^Q)- 



(54) 



1 C C C r a \ sm'Z« sm^mfi sm.*ny . , „ , 

-5 I I ] 9i"i fi>r)—r-t :-Yi ^-T^dctd^dy 

Imn J J J sin*a smV smV 

^ « I 1 C C C sia'la sin*m/4 sin*n; , -.^ , \ * 
^2^l7^J J J sin*« SinV sinV '^'^^^'^^ '^r 



' Sec previous footnote. 
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Combining (53) and (54), we find that the absolute value of the quantity in 
brackets in (50) is less than e, {I, m, n> q), and hence the limit (50) exists 
and is equal to zero. 

We wish now to consider the summability of the development of a function 
of three variables, f{x, y, z), in a triple Fourier's series, i. e., the summability 
of the triple series 

00, 00, OC < 

• J I J fi^:', y', z') Pimn {x, y, z, x', y', z') dx' dy' dz', 

—7: — 5t —7: 

where 

(56) Pi„,„ (.r, y, z, x', y' , z') 

= cos [{I — 1) {x' — x)] cos [(m — 1) iy' — y)] cos [(« — \)z' — z)], 

E{s) representing the largest integer contained in s. 
Theorem m. If Ihe function fix, y, z) is finite and integrahle in the region 

(57) ( — 71 <x<n, — 7t ^y "^71, — '^ ^ ^ ^ ^)) 

the development of the function in a triple Fourief' s series will he summahle (CI) 
to the value of the function at every interior point of the region (57) at ivhich 
the function is contintwus. 
For the series (55) we have* 

^Imn JX, y, z) _ S'lmn jx, y, z) 
AfL ^'»« 

JT ff ff / . 1{X'—X) \2 

/ sm * 



= "87^^// /•^^^•'^'^'^ 



-n -:r -;: \ Sin ^-^ 



\ '^—'. 



m iy' — y) \ ^ / . n («' — «■) 
sm ^g ^' \ I sm ^ g 



sin ^ g ^ / \ sin 



dx' dy' dz'. 



* The reductions involved in arriving at this value, are exactly analogous to those for the 
simple series. See Fejdr, 1. c, p. 54. 
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Making the transformation 

(58) x-x = 2a, y' — y = 2/3, ^—z = 2y, 
we have 

(59) SllUx,y,z) ^^_^ r r f f(x+2a,y + 2fi, z + 2y) 

Imn Ivmn^ J J J 



K+X 7Z+y 1C-ti 

2 2 2 



sin*Za sin*OT/8 sin*«r 



sin* a sin*i* sinV 



da dfi dr- 



E we can show that the right-hand side of (59) approaches /(x, y, z) as 
a limit as I, m and n become infinite, at any interior point of the region (57) 
at which /(a;, y, z) is continuous, our theorem will be proved. 

Let 

(60) y («, 4, y) = /(a; + 2 «, 7/ + 2 ,8, 2 4- 2 /) -f{x, y, z). 

Then the right-hand side of (59) may be written 

;r— X it—y i:—z 
2 2 2 

1 C C r / a \ sin*Za siri'm/S sin^uy , ,a 7 

-: J- I I I y (a, /«, r) — r-3 r-T-3 7-i — da dp dy 

Imnn" J J J sin*« sin*y8 sin'y 

jt+jj JT+V ir+iS 
2 2 ~ 

(61) 

Tt—x i:-y n—z 
2 ~T~ ~^ 



+ 



/(a;, y, z) C C C siaHa sin'm^ sin'wr da d^ dy. 
Imnn' J J J sin'a sin*/S sinV 



TT+g rz+y it+i 
2 ~ 2 2 



From the definition (60), y (a, fi, y) is finite and integrable in the region of 
integration of the integrals in (61), and, moreover, 

lim y («, /S, y)] = 0, 

provided /(x, y, z) is continuous at the point {x, y, z). Hence, from Lemma 6, 
the first term of (61) approaches zero as I, m and n become infinite, if {x, y, z) 
is an interior point of the region (57), and if f(x, y, z) is continuous at that 
point. 
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From Lemma 5, it follows that the second term of (61) and therefore the 
entire expression (61), and hence also the right-hand side of (59) approaches 
f{x,y,z) as a limit as I, m and n become infinite, and therefore the development 
of the function in the triple Fourier's series is summable (CI) to the value of 
the function. 

Corollary. If f(x, y, z) is finite and integrable in the region (57), its 
Fourier's development will he uniformly summahle tof{x, y, z) throughout any 
region B' whose boundary is interior to the boundary of a region of continuity 
off{x, y, i). 

By making slight modifications in Lemmas 4 and 6 and Theorem III, this 
corollary is easily established. 

Theorem IV. Iff{x,y,z) satisfies tlie conditions of TJieorem III, then 
for its Fourier's development 

(1) , , /J,ni,»= 1,2,3, ... 



7- ^ Simn (x, y, z) ^ ^^ / — T<x<;r, 

■'-' < 5 ■<-M., \ _ ;r < V < »r. 



where L and M are the lower and upper limits res])ectively off(x, y, z) in the 
region (57). 
From equation (59) we have 

H—X JT— y JT— i 

L C C C sin*ia sin'm/S sin*«y „, ^ Simni.x,y,z) 



' C C i sm*la sm'm/8 sm*«y , ,„ , 

— r I I I -T-j ^-n :~l — dadfidy 

i^ J J J sm*a sin'/S sm*r 



Imnrr^ J J J sin* a sin*>S sin*y Imn 

r+x JT+tf ;r+z 
2 2 2~ 

(62) 

n—x ic—y t—t 
~2~ "T~ 2 

M 



JC C sin*ia sm'm/S sin*ny , ,„ , 
I I — ^-s r-j-^ r-3 — da dfi dy, 

J J sm'a smV sinV 



Jt4-iB ff+J/ Tt+Z 

2 2 2~~ 

but the integral in (62) may be written 

1Z—X n-y 



_1_ r sinHa \ lj_ r sm*m/S \ lj_ C sm'n 
In J sin*a ^]\mn J sinV \\n7i J sin*| 



2 




which is equal to unity,* and therefore the theorem follows at once. 



Fej6r, 1. c, p. 60. 
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4, Application. We shall now apply our results to a problem in the flow 
of heat. We wish to determine at any instant the temperature of any point 
of a rectangular parallel opiped whose initial temperature in known, and whose 
surface is maintained at the temperature zero. Let a be the length, b the 
width and c the height of the parallelepiped, and /(a;, y, z) a function giving 
the initial temperature of the parallelepiped at any point, when we take the 
origin at the lower, forward, left-hand comer of the parallelepiped, and let 
the X, y and z axes fall on the sides whose lengths are a, h and c respectively. 
The formal method of building up a solution for this type of problem gives us 
for the temperature of any point at any time* 



(63) 



00, OO, CO 



—1- 2L a;,„„e ^^ '' "^'^sin sin— j-^ sin , 



where k is an essentially positive quantity, and where 

a b e 

(64) «,„,„ = fjff(^'' y'> ^') sin -^ sin ^^ sin ^ dx' dy' dz'. 







In order to show that the expression (63) really furnishes a solution of the 
problem we must show that: 

(1) the expression (63) converges and defines a continuous function of x, y, 
z and t, say u (x, y, z, t), in the region 

(65) 0<x<a, 0<y<b, 0<z<c, <>- 0; 

(2) the function u {x, y, z, t) satisfies the equation 



« TT-^B + W + m 



* Carslaw, Introduction to the mathematical theory of the conductivity of heat in solids, 
p. 108. 
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throughout the region (65) ; and that 
(3) lim u {x, y, z,t) ==^ J {xi, yi, Zi), 

where (xi,yi,Zi) is a point within a region throughout Avhich f{x,y,z) is 
continuous; and that as t approaches zero through positive values, u{x,y,z, t) 
remains finite as x, y and z approach the coordinates of any point in the region 

f67) 0<x<a, 0<y<b, 0<z<c. 

We shall first show that the series (63) is convergent in the region (65). 
Due to the presence of the convergence factor e-''f('"»'+m'/6'-i-»w« in (53)^ 
we have for the general term of the series 

(68) \ui„mix,y,z,t)\'^ pm*n^ 
In the region 

(69) 0<a;<a, 0<y<b, 0<z<c, 0<to<t, 

where K is & positive constant and to an arbitrarily small positive constant, 
provided /(x, y, z) Is finite and Integrable In (67). The right-hand side of (68) 
is the general term of a convergent triple series of positive terms, and hence 
the series (63), of which the left-hand side of (68) is the general term, Is 
absolutely convergent In the region (69), and, since U, is arbitrary. In the 
region (65). 

The terms of (63) are functions of x, y and z In the region (69) and hence 
the series (63) Is uniformly convergent throughout the region (69) by virtue 
of Welerstrass' test, extended for the triple series. Since the terms of the 
series are continuous throughout the region (69), it follows that the series 
defines a continuous function thi-oughout that region, and, since U Is arbitrary, 
throughout the region (65). Hence the condition (1) is satisfied. 

"We shall now show that the condition (2) Is satisfied, i.e., that the series (63) 
satisfies the equation (66). Each term obviously satisfies the equation, and 
therefore the series will satisfy it provided we have a right to form the deriva- 
tives Involved In differentiating (63) by differentiating term by term. We may 
form the derivative of a triple series convergent In a certain region by 
differentiating term by term if the derived series is uniformly convergent 
throughout the region and defines a continuous function there. We have 
shown that the original series converges in the region (65), and it Is easily 
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shown that the derived series is uniformly convergent and continuous in this 
region by a method analogous to that used in proving the uniform convergence 
and continuity of the original series in that region. Hence condition (2) is 
satisfied. 

In order to show that condition (3) is satisfied it will be necessary to make 
use of Theorem II on convergence factors. The convergence factors which 
occur in the series (63) are functions of one variable only, whereas those 
involved in Theorem II were functions of three variables, for particular values 
of I, m and n. We may put the convergence factors of (63) in a form where 
they are functions of three variables by making the transformations 

The convergence factors then have the form 

We shall first prove the first part of condition (3), i. e., that, as t Approaches 
zero through positive values and as x, y and z approach Xi, pi, Zx, where 
{xi, yi, Zi) is a point of continuity of the function, the function u(x, y, z, t) 
approaches /(a^i, t/i, Zi). In order to prove this we shall have to show that 
the series (63), without the convergence factors, satisfies the conditions of 
Theorem IT, and that the convergence factors (70) satisfy conditions (a) — (d) 
of Lemma 3 and (e) and (f) of Theorem 11. It will then follow from the 
corollary to Theorem 11 that u{x, y, z, t) has the desired property. 

It follows from the corollary to Theorem in, by a change of variable, that 
the series (63) without the convergence factors is uniformly summable through- 
out a region whose boundary is interior to that of a region of continuity of 
f{x, y, z), and the condition on the series is satisfied. 

Hence it remains only to show that the convergence factors (70) satisfy the 
conditions (a) — (i) inclusive of Theorem 11. It is obvious that conditions (d), (e) 
and (f) are satisfied, and hence only conditions (a), (b), (c), (g), (h) and (i) 
remain. 

Consider first condition (c). Since 

(71) I e-(^*+»'/'«+»'ro) I < -^j^, {I, m, n = 1, 2, 3, . . .), 

where a^, /So, /o and K are positive constants, we have 

y 7.1 .-(Pa.+m»/J.+ft»/-.) I ^ -S" "V A. ^t 
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where Ki is a positive constant. Hence 



lim Im ZM ^-(I'a+m'fi+k'ry I = 0, («, fi,r> 0). 

The proof for condition (b) is carried out in a manner analogous to the 
above proof for condition (c). 
Consider now condition (a). We have 



L;=/r,, J l.k = y, J 

and therefore condition (a) will hold for some K such that 



(72) Z i (e-''" — 2 e-<'+»'« + e-<'+2)'») < TZ, (m > 0). 

i=l 

From the law of the mean it follows that 

(73) e-''» — 2e-«+"'«+e-«+2^" = e-«+^>'» {4(i+ e)«M*— 2m}, (0<«>-c2). 

From this we see that the terms of the series on the left-hand side of (72) 
are negative for all positive integral values of i when i + 2>'l/V^2u, and 
positive for all positive integral values of i when i > 1/ 1/^2 u . Therefore the 
series consists of a group of negative terms followed by two terms whose 
signs may be plus or minus, followed by a group of positive terms. It is 
readily seen from (73) that each term of the series (72) remains less than 
some positive constant M, and hence the inequality (72) holds for some K 
provided any sequence we may choose, consisting entirely of positive or of 
negative terms of the series in (72), remains less in absolute value than some 
positive constant. 

Consider such a sequence, giving i all integral values from p to g, where 
p and q are positive integers. The sum of this sequence is 

(74) p e-P'» — ip—l) e-(P+i)'« — (g + 1) e-'«+'>'« + ge-(«+2)'« 
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which differs from 

(75) p [e-P"" — e-^P+'^"] — (q+l) fe-^'+i)"' — e-(9+2)'«] 

by e~*»'+*^" — e-<«+2)'» which can never exceed unity. But by the law of 
the mean, 

(76) |OT(e-'"'" — e-<'"+'>'«)l<2(m + fl)*Me-""+^''«, (0<e<l), 



the right-hand side of which always remains less than some positive constant 
for all positive integral values of m and all positive values of ti. There- 
fore the left-hand side of (76), and therefore also (75) and (74), remains 
less than some positive constant for all values of u 7>0; hence, as pointed out 
before, (72) holds, and hence the condition (a) is satisfied. 

It is obvious from the fact that expression (74) is finite and fi'om condition (f) 
that conditions (g) and (h) are satisfied. That condition (i) is satisfied follows 
from condition (a) and the equation (71). Hence the convergence factors 
satisfy the conditions of Theorem n, and as pointed out before the first part 
of condition (c) of this article is satisfied. 

If now remains only to prove that, as t approaches zero through positive 
values and x, y and z approach the coordinates of any point in the region (67), 
the function w (a;, y, z, t) remains finite. Since the convergence factors satisfy 
the conditions of Lemma 3, it follows from that lemma that, for all positive 
values of a, fi and y or, what is the same thing, for all values of < :> 0, 



(77) "2" S^l{x,y,z) I\\e-'^'^^^-'^+''r^ 

i=l,J=l,k=l ■* 



converges to the same value as the series (63), and hence, if we prove that (77) 
remains fimite for all values of <> when x, y and z approach the coordinates 
of any point in the region (67), we shall have proved that the series (63) satis- 
fies this requirement also. 
Since f(x, y, z) is finite and integrable in (67), we have from Theorem IV 



\Siik{x,y,z)\'C.Cijk \ i,j,jk = i,2, 3, ... ]■ 



where C is a positive constant. Making use of this inequality and the fact 
that the convei^ence factors (70) satisfy condition (a) of Lemma 3, we have 
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»=i,j=i,/t=i ' 



i=lj=l,fc=l ' ^ ' 

00, 00, 00 



< Z Cijli\l\\ e-f^^«+^/'+*^r) I ^ CK, 
»=ij=i,fc=i ' * ' 



\0^aga, OSygi, 0^«Sc/> 



and hence the final condition is satisfied and the series (63) furnishes a solution 
of the physical problem. 

Cincinnati, Ohio, 
December 1921. 



